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Ultrashort-Pulse High-Power
Yb3+-Doped Fiber Amplifiers
Eldad Yahel, Ortwin Hess, and Amos A. Hardy, Fellow, IEEE
Abstract—Ultrashort optical pulse propagation in high-power
Yb3+-doped fiber amplifiers (YDFA) is studied using a spec-
trally resolved nonlinear power equation for the coupled pulse
components. The Yb3+ ions transitions are modeled using a rate
equation. Examples for high-power YDFAs with normal disper-
sion show good qualitative agreement with experimental results.
We analyze the effects of the incident pulse wavelength, pulse
peak power, Yb3+ concentration, pump filling factor, fiber length,
pumping configuration, pump power and nonlinear index, on the
intensity distribution of short amplified pulses. We also demon-
strate the spectral compression of an initially negative-chirped
pulse.
Index Terms—Optical fiber amplifiers, optical fiber dispersion,
optical fiber theory, optical pulse amplifiers, ytterbium (Yb).
I. INTRODUCTION
HIGH-POWER short optical pulse amplification usingcladding-pumped rare-earth doped fibers draws a great
deal of interest for a variety of applications, e.g., in telecom-
munications, spectroscopy, materials processing and nonlinear
frequency conversion [1]. Much attention has been paid to
pulse amplification using normal dispersion doped fibers,
where high-power parabolic pulses with a linear positive chirp
across their central region can be produced. Such pulses propa-
gate self-similarly with reduced distortions, and are efficiently
recompressed into shorter duration using an anomalous disper-
sion medium [2]. Furthermore, initially negative-chirped pulses
can be spectrally compressed in high-power doped fibers,
to produce nearly transform-limited amplified pulses [3]. To
these ends, Yb -doped fiber amplifiers (YDFA), operating
at a spectral range around 1.06 m, are particularly attractive.
YDFAs provide very broad gain bandwidth, high conversion
efficiencies, and are relatively free of excited-state absorption
and concentration quenching by ion-ion interactions [4].
Most theoretical works that discuss pulse amplification in
YDFAs are based on the generalized nonlinear Schroedinger
equation (NLSE) for the complex envelope of the amplified
pulse [5]–[8]. Our goal in this contribution is twofold. First,
we demonstrate the advantages of the simultaneous analysis of
the spectral and temporal dependency of a propagating pulse
in high-power, cladding-pumped YDFAs [9]. We recently used
this approach to analyze relatively broad-bandwidth incident
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pulses in single-clad doped fibers, taking into account spatially
and spectrally resolved gain and dispersion contributions, fiber
nonlinearity, and amplified spontaneous emission (ASE) noise
[10], [11]. Second, we extend previous works on pulsed YDFAs
and describe numerical calculations using parameters that were
not considered in detail before, such as the pulse wavelength,
pulse peak power, Yb concentration, pump filling factor, fiber
length, pumping configuration and pump power.
This contribution is organized as follows. In Section II, we
present the set of coupled rate-propagation equations for high-
power pulsed YDFAs. In Section III, we show some numer-
ical examples for ultrashort pulse amplification in high-power
YDFAs, and consider the effect of various important design
parameters on the amplified pulse shape. We also demonstrate
spectral compression of an incident negative-chirped pulse. Our
conclusions are discussed in Section IV. In Appendix A, we dis-
cuss the main assumptions leading to a spectrally resolved pulse
propagation equation, whereas in Appendix B, we provide the
finite difference scheme we used to solve the rate-propagation
equations.
II. THEORETICAL MODEL
We consider a double-clad fiber geometry of length , where
the fiber core is uniformly doped with Yb ions of concentra-
tion . The pump power at wavelength is
coupled into the area of the first cladding (which includes the
core), at either fiber ends. Thus, the pump propagates along the
forward (positive) or the backward (negative) directions, with
an effective power filling factor . Pump photons are absorbed
by the Yb ions in the ground state, exciting them to
the state [4]. The ASE power densities that are
emitted and amplified due to the Yb ions transitions, propa-
gate in both the positive and negative direction. We assume
that due to specialized fiber bending techniques, the amplifica-
tion of high order modes in the core is practically suppressed. In
that case, the wavelength-dependent power filling factor is
approximated by the ratio of the modal power that is am-
plified in the core, to the total modal power [12].
The pulse spectral power density per unit wavelength
, is injected into the fiber at , and propagates
in the forward direction. We assume that the pulse power is
strong enough to modify the population distribution of both the
Yb ions and host glass molecules. The power carried by the
pump and ASE is much weaker than the pulse power, thus we
restrict its effect to the Yb transitions. We further assume
that the atomic population within each Yb energy manifold
is in thermal equilibrium, and thus the gain-induced refractive
index changes can be approximated using the Kramers–Kronig
0018-9197/$25.00 © 2007 IEEE
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transform of the gain coefficient [13]–[15]. We note that in
practice the thermalization rate within each manifold depends
to a large extent on the properties of the glass host, as well
as on other conditions such as the temperature [14]. Thus, the
extent to which the Yb population deviates from thermal
equilibrium during the pulse propagation requires further exper-
imental validation. To be on the safe side, however, we consider
here pulses with duration 200 fs [14]. We also neglect the
nearly wavelength-independent small index contribution from
ultraviolet absorption to higher-order energy levels [16]. Under
these assumptions, the bulk refractive index that includes
both linear and nonlinear contributions is given by
(1)
where is the (linear) refractive index of the passive fiber, and
the nonlinear contribution is given by [13], [17]
(2)
Here, is the nonlinear index, and is the envelope of
the fundamental mode in the radial direction along the
fiber cross-section. We assume that is weakly depen-
dent on the wavelength within the spectral band of the pulse,
and that it is normalized to satisfy . The
function denotes the Kramers–Kronig transform of the
cross section between levels and , and is
the atomic population of the excited manifold. We note
that the index changes in (2) are assumed to be small, so that
their effect on the modal envelope can be neglected. The
nonlinear contribution to the refractive index induces disper-
sion and chirping of the propagating pulse. Further, the pulse is
amplified, absorbed, and scattered along the optical fiber, due to
the Yb transitions and Rayleigh scattering. These effects can
be included in a unified manner in a spectrally resolved propa-
gation equation for the pulse power density, i.e., by considering
the rate of change in the number of photons along the fiber, and
the photons equation of motion [18]–[20]. Here, we assume that
spatial perturbations in the refractive index along the propaga-
tion direction are small. We also assume that the pulse is short
enough to justify neglecting the effect of transients in the pump
power and ASE spectral densities powers on the Yb popula-
tion during the pulse propagation. Under these assumptions, we
obtain the following set of propagation equations for the pulse
spectral power density , ASE spectral power density
, and the pump power , respectively (see Ap-
pendix A)
(3)
(4)
(5)
In (3),
and is the speed of light in vacuum. The effective
refractive index of the fundamental
mode in the core is the sum of the linear passive con-
tribution and the
nonlinear gain-induced contribution
.
The function is
the corresponding effective group velocity of the pulse spec-
tral component at wavelength . The term
is the
effective local gain, where represents an effective loss
term due to scattering and fiber coiling. Other terms in (3)–(5)
are the nonlinearity coefficient , where
is an effective core area [21], and the functions and
that represent the steady state distributions of the
excited state population and the effective local gain,
respectively. The term denotes the contri-
bution of spontaneous emission into a mode, where the factor
of two takes into account the possible orthogonal polarization
directions [22]. Here we assume that spontaneous emission
is generated into all modes supported by the fiber [23]. It
is worth mentioning the difference in the interpretation of the
pulse energy distribution as derived from (3), i.e., ,
and the pulse complex envelope as calculated from the solution
of the generalized NLSE [21]. In particular, the pulse power, i.e.,
, and the pulse spectrum, i.e., ,
that we calculate, represent the projections of many spectrally
dependent temporal envelopes of the pulse energy components,
and they are not derived from a Fourier transform. Furthermore,
it is clear that our approach cannot describe some of the wave
properties of the pulse, e.g., as manifested in the contribution
of different phases to a nonlinearity-generated pulse spectral
component [21], [24]. However, frequency mixing of the pulse
spectral components is properly considered in our formalism.
The quasi-three-level Yb system is assumed to have two
energy manifolds [4]. Hence, the excited population, ,
satisfies the following rate equation:
(6)
where is the lifetime of the Yb excited state. The
terms and in (6) represent stimulated absorption and
emission rates, respectively, and depend on the pump power,
pulse power, and ASE power emitted by the Yb ions. These
terms are given by
(7)
where is the area of the fiber core. Here, the limits of the
first and the second integrals on the RHS of (7) are determined
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by the spectral bandwidth of the pulse and the cross section of
the transitions of Yb ions, respectively.
In order to solve (3)–(6) numerically, we divide the ASE spec-
trum in the wavelength range from 850 to 1140 nm into chan-
nels of width nm. Furthermore, the pulse bandwidth
around the central wavelength is divided into channels of
width nm. Equations (3)–(6) are initially solved
assuming steady state conditions without pulse injection [i.e.,
and ]. To this end, we integrate the
equations iteratively along the forward and backward propaga-
tion direction, until the overall power channels converge. For
the time dependent pulse propagation, we use a finite difference
scheme with two staggered grids for the photons and the ions
populations. The numerical solution of (3) is considerably sim-
plified by transforming the equation into a retarded time frame
moving with a constant reference group velocity . Thus, we
define a reduced time , so that (3) becomes
(8)
Equations (8) and (6) are solved numerically using an implicit
upwind finite-difference scheme, with an iterative algorithm to
solve the coupled pulse spectral components at each spatial and
temporal step (cf. Appendix B) [25]. We note that the numer-
ical stability of this scheme depends on the pulse power at the
boundaries of the spectral window, which has to be sufficiently
small in order to ensure that the effects of numerical reflections
from these boundaries are negligible. To this end, we employed
a large enough spectral window with strongly absorbing spec-
tral boundaries.
III. EXAMPLES
In order to analyze high-power pulse amplification in
YDFAs, we consider several examples near the 1060-nm tran-
sition. Unless otherwise mentioned, the parameters assumed
in the numerical calculations correspond to the experimental
YDFA described in [1], [5] and are summarized in Table I.
The effective linear index contribution is calculated
based on the waveguide dispersion relations [12], taking into
account Sellmeier’s equation for silica host [21]. We also
assume that the pump power W is injected at ,
i.e., counter-propagating to the incident pulse, and that it
provides approximately 32-dB gain at 1060 nm. Based on
these assumptions, we calculated the spectrum of the fiber
dispersion parameter, i.e.,
(cf. Fig. 1). We note that due to the strong gain-induced con-
tribution, the fiber dispersion fluctuates strongly at a spectral
range near nm, where the fiber becomes strongly
absorbing. In the spectral range relevant to optical amplifica-
tion, i.e., at nm (see inset), the dispersion
is normal, and it monotonically increases from to
ps km nm . Thus, gain-induced dispersion
fluctuations are expected to have only small effect on an ampli-
fied pulse, in contrast to Er -doped fibers [10].
TABLE I
PARAMETERS USED IN THE NUMERICAL CALCULATIONS
Fig. 1. Dependence of the fiber dispersion parameter (D) on the wavelength.
The inset shows the spectrum of the integrated fiber gain, i.e., G(0; L; ) 
exp[ g dz].
In what follows, we demonstrate the effects of various phys-
ical parameters on the spectral and temporal characteristics of a
short amplified pulse. In particular, we study within the frame-
work of our model the effects of the incident pulse wavelength,
pulse peak power, Yb concentration, pump filling factor, fiber
length, pumping configuration, pump power and the nonlinear
index. Unless stated otherwise, we assume throughout this paper
that the incident pulse spectral power density distribution, i.e.,
, is given by the Wigner function of a chirp-free
Gaussian pulse centered at , with width [full-width at
half-maximum (FWHM)] of fs, and peak power of
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Fig. 2. Amplified pulse energy spectrum, i.e., P (z = L; t; )dt (normal-
ized), as function of the wavelength, for incident pulses with different central
wavelengths  in the range 1020–1080 nm.
214 W [26]. Thus, the incident pulse is transform-limited,
with a bandwidth of 6 nm.
In Fig. 2 we depict the dependence of the amplified pulse
spectrum on the wavelength, for different incident pulse cen-
tral wavelengths . We note that on shifting the incident pulse
wavelength from 1020 to 1080 nm, the amplified pulse
spectrum changes its shape due to the nonuniformity of the gain
(cf. Fig. 1). The spectral broadening of the amplified pulse is
a consequence of the nonlinearity-induced chirp, which in turn
depends on the pulse power through (2). Thus, spectral broad-
ening is most significant for a pulse incident near the gain peak
wavelength, e.g., at nm. It is worth to mention,
however, that the amplified spectrum of a weak pulse is pre-
dominantly affected by gain narrowing [10]. We note that the
pulse gain is relatively small in the short tail of the gain spec-
trum, e.g., for nm, and hence spectral broadening
is also small. Our results also show that in the moderate gain
regime, e.g., for the case nm, the amplified spectrum
is relatively flat shaped with steep edges. The corresponding de-
pendence of the amplified pulse power on the delay time with
respect to the arrival of the pulse peak is depicted in Fig. 3.
Here we also show the amplified pulse mean wavelength, i.e.,
[26], as function
of the time delay. We note that the amplified pulse broadens in
time due to propagation in the normal dispersion regime, and
that the wavelength chirp is positive during the arrival time of
the main part of the amplified pulse (i.e., the mean pulse fre-
quency increases during that time). The wavelength chirp is ap-
proximately linear across the nm pulse, where the
amplified pulse shape is nearly parabolic. On the other hand, the
wavelength chirp deviates from linearity close to the gain-peak
wavelength (e.g., for nm). Thus, we conclude that
a deviation of the amplified pulse spectrum from flatness (cf.
Fig. 2) corresponds to a nonlinear pulse chirp [6].
Fig. 4 shows the spectrum and power of an amplified pulse
for different incident pulse peak powers. The intensity of the
amplified pulse in the limit of weak and moderate peak powers,
Fig. 3. Amplified pulse power, i.e., P (z = L; t; )d (solid line, normal-
ized), and the amplified pulse mean wavelength (dashed line), as function of the
time delay in respect to the arrival time of the pulse peak, for incident pulses
with different central wavelengths  in the range 1020–1080 nm.
Fig. 4. Amplified pulse intensity distribution for different incident pulse peak
powers. The solid and dashed lines correspond to the normalized intensity dis-
tribution of the pulse at z = L and z = 0, respectively. (a) Pulse spectrum.
(b) Pulse power.
e.g., 210 W, corresponds to the parabolic pulse regime. On
increasing the peak power, e.g., 340 W, the effect of fiber non-
linearity is enhanced and the amplified pulse spectrum broadens
significantly, in agreement with experimental measurements
under similar conditions [1], [5]. In particular, we note that
the asymmetries in the pulse spectra are consequence of the
inclusion of a realistic gain term in (3), whereas theoretical
models that are based on a more simplified approach to the
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Fig. 5. Dependence of the amplified pulse spectral width, on the Yb con-
centration (N ), for a pulse incident around  = 1038 nm, and for different
values of the effective pump filling factor (  ). The lines represent a B-spline
interpolation of the exact numerical solution.
dopant transitions predict a perfectly symmetric spectrum, e.g.,
see [5]. On further increasing the peak power, e.g., 490 W,
the amplified spectrum is strongly reshaped due to the finite
gain bandwidth [Fig. 4(a)]. In this regime, the amplified pulse
power deviates asymmetrically from a parabolic shape, and
is characterized by the much longer leading edge [Fig. 4(b)].
This reshaping is a consequence of an increase in the group
index at the pulse peak power, which enhances the generation
of blue-shifted spectral components.
Next, we consider the effect of the Yb concentration on
the amplified pulse characteristics. Fig. 5 shows the amplified
pulse spectral width, as function of the Yb concentration, for
different values of the effective pump filling factor. Depending
on the Yb concentration, the spectral width of the amplified
pulse is maximized where the gain is also maximized. Further
increasing the Yb concentration results in a decrease of the
amplified pulse power due to absorption losses, and hence to
reduced spectral broadening of the amplified pulse. Our results
demonstrate that in the limit of small Yb concentrations, in-
creasing the pump filling factor (e.g., by coiling the fiber to en-
hance pump absorption efficiency [27]) broadens the spectral
width of the output pulse. We also find that there is a positive
correlation between the dependency of the pulse temporal width
on the Yb concentration and the corresponding dependency
of the spectral width, as the former depends on the differences
in the group velocities of the pulse spectral components. These
differences, in turn, tend to increase with the spectral redistribu-
tion of the pulse energy due to the nonlinearity-induced chirp.
Fig. 6 shows the amplified pulse power and pulse spectrum as
function of the fiber length (for ). We note that on
increasing the fiber length, the amplified pulse temporal width
continuously increases due to the dispersion of the pulse spec-
tral components. There is an optimum fiber length, for a given
pump power, at which the amplified pulse peak power is maxi-
mized, e.g., at m [Fig. 6(a)]. This peak power, in turn, also
maximizes nonlinear effects. Thus, the amplified pulse spectrum
broadens as long as the fiber length is shorter than this optimum
length, and it narrows for longer lengths while the pulse energy
Fig. 6. Dependence of the amplified pulse intensity on the fiber length (L), as
function of (a) the time delay and (b) the wavelength.
is redistributed towards the edges of the spectrum [Fig. 6(b)]. We
also find that the amplified pulse characteristics depend on the
pumping configuration. For example, the amplified pulse spec-
tral and temporal widths are somewhat larger in a copropagating
configuration, in particular in the limit of long fibers (e.g.,
m). We attribute this result to the spatial distribution of the
population inversion in a copropagating configuration, which is
maximized near . Thus, an incident pulse encounters rel-
atively high gain, which, in turn, results in a bigger product of
pulse power and propagation distance, and hence stronger non-
linear effects. It should be also noted that losses to stimulated
Raman scattering (which are neglected in this work) ultimately
limit the optimum fiber length below some critical length that de-
pends on the incident pulse peak power and on the fiber gain [28].
An all important parameter in our model is the numerical
value of the nonlinear index . The value of this parameter de-
pends on the properties of the glass host, and its measured value
in silica glass varies significantly [21]. In order to examine the
effect of on our results, we artificially changed its value be-
tween to m W [21]. In Fig. 7 we
depict the amplified pulse output energy as function of the in-
jected pump power, for two values of . We note that the output
pulse energy saturates, more significantly for higher (i.e.,
m W ). This saturation is a consequence
of the finite gain bandwidth of the Yb ions, which limits the
bandwidth of the amplified pulse, and hence its output energy
[5], [29]. The amplified pulse bandwidth, in turn, depends on
the nonlinearity-induced chirp, and it increases with the pump
power [30], and with the value of (see inset). The effect
of on the amplified pulse is most significant at high pump
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Fig. 7. Dependence of the amplified pulse energy on the injected pump power
(P ), for two different values of the nonlinear index (n ). The lines represent a
B-spline interpolation of the exact numerical solution. Inset: the pulse spectrum
for pump powers of 5 and 25 W. The horizontal line (inset) is wavelength in
nanometers.
Fig. 8. Contour plot of the pulse spectral power density (in terawatts per unit
wavelength, see the gray palette inset), as function of the wavelength and time
delay. Top: pulse power (normalized). Right side: pulse spectrum (normalized).
(a). Incident pulse at z = 0. (b)–(d) Correspond to the pulse spectral power den-
sity at z = L for an injected pump power (P ) of 5, 10, and 25 W, respectively.
powers, where the spectral bandwidth of the amplified pulse is
comparable with the gain bandwidth. In that regime, the am-
plified pulse spectrum is severely deformed, its chirp strongly
deviates from linearity, and the pulse recompression efficiency
is degraded [5]. It is clear that the saturation exhibited here can
be removed by reducing the peak power of the incident pulse
(cf. Fig. 4), e.g., by using gratings to stretch the pulse before
amplification [1].
Finally, we demonstrate the amplification of an initially
chirped pulse. To this end, we assume that the incident
Gaussian pulse is stretched to ps, and its peak power
is correspondingly reduced to 6 W. This stretching, in turn,
induced a pulse chirp, e.g., (see [26, eq. (5.15)]).
Fig. 8(a) depicts the incident chirped pulse spectral power den-
sity distribution as function of the wavelength and time delay,
whereas Fig. 8(b)–(d) shows the corresponding amplified pulse
spectral power density, for different pump powers. For low
pump powers, e.g., W, the gain and hence the nonlin-
earity-induced chirp are relatively small, having only moderate
effect on the amplified pulse [Fig. 8(b)]. Further increasing
the pump power, e.g., W, the induced positive chirp
cancels the initial chirp over the pulse central region, producing
significant spectral compression [see Fig. 8(c)]. This result
is in qualitative agreement with experimental measurements
[3], and it is the key for achieving transform-limited amplified
pulses. On further increasing the pump power, e.g., W,
the core of the amplified pulse becomes positively chirped,
resulting in somewhat broadening of the output spectrum
[Fig. 8(d)]. We note that for the calculated pulse parameters
there is only a small decrease in the compression ratio of the
output pulse duration with increasing pump power. We thus
conclude that there is an optimum pump power for achieving
an amplified pulse with the smallest time–bandwidth product.
IV. CONCLUSION
In this work, we analyzed ultrashort pulse amplification in
high-power YDFAs using the numerical solution of a time-de-
pendent, spectrally resolved pulse propagation equation. We
demonstrated the dependence of the amplified pulse energy
spectrum and pulse power on the pulse wavelength and peak
power. It was shown that an efficient amplification of linear
wavelength chirped parabolic pulses can be achieved with a
limited incident pulse peak power and by tuning the incident
pulse wavelength to the longer tail of the gain spectrum. On
the other hand, the amplified pulse spectral width increases
on increasing the incident pulse peak power or on tuning the
incident pulse wavelength towards the gain-peak wavelength.
This broadening, in turn, distorts the amplified pulse shape,
and degrades the linear wavelength chirp. We also found that
the spectral width of the amplified pulse can be controlled by
properly choosing the Yb concentration and the effective
pump filling factor. In particular, for a given fiber properties,
there exists an Yb concentration value that maximizes the
spectral bandwidth of the amplified pulse. This value tends to
be smaller for more efficiently absorbing fibers. We calculated
an optimum fiber length for which the amplified pulse peak
power is maximized, its spectrum is relatively flattened, and its
wavelength chirp is approximately linear. For fibers longer than
this optimum, the pulse energy redistributes towards the spectral
wings and the wavelength chirp deviates from linearity, while
shorter fibers are less efficient. For sufficiently increased pump
power, the amplified pulse energy saturates since its spectral
bandwidth is limited by the finite gain bandwidth of Yb ions.
This saturation is only weakly dependent on the measured values
of the nonlinear index of silica glass. We also demonstrated that
by tuning the pump power, the amount of spectral compression
of a negative-chirp incident pulse can be controlled. Our results
provide additional support to experimental measurements of
broad-bandwidth amplified pulses, which extends the standard
NLSE formalism and can, in principle, be compared directly
with the pulse spectrogram [10]. Furthermore, the model allows
the inclusion of a realistic gain spectrum for the Stark-splitted
doped ions transitions using measured cross sections, therefore
alleviating some of the restrictions imposed by analytical gain
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approximations [7]. With some minor modifications, the model
presented herein can be also employed to other types of doped
fibers, as well as to different incident pulse shapes.
APPENDIX A
SPECTRALLY RESOLVED PROPAGATION EQUATION
Photon transfer in a general dispersive, isotropic medium,
whose properties can also change in time and space, was consid-
ered in detail in the framework of radiative transfer theory [19],
[20]. Here we apply this theory to model pulse amplification
along an YDFA. We define the distribution function
of photons that propagate in the forward direction along the
fiber such that is the number of photons at time in dif-
ferential volume element , in frequency interval , centered
at . The number of photons change in time as the photons
stream along the fiber, due to the interaction of photons with the
Yb ions and the glass host molecules, e.g., due to stimulated
emission, absorption, and scattering of photons. Thus, we have
the following balance equation
(A1)
where
is the local gain per unit length, which
includes the dopant contribution and scattering losses .
The function is the distribution of photons that
contribute to spontaneous emission into one mode, is the
effective number of transverse fiber modes and
denotes the photons group velocity in the fiber. Following some
algebraic manipulations, it is straightforward to obtain [20]
(A2)
Introducing the optical intensity per unit bandwidth
, representing a time-frequency distribution
of an amplified pulse along the fiber [9], and making use of the
derivative along the propagation path, i.e., ,
allows us to write (A2) as
(A3)
where is the spontaneous emission inten-
sity per unit bandwidth into one mode. We note that the photon
equation of motion can be written as [19]
(A4)
where the bulk refractive index is given explicitly by
[13], [17]
(A5)
Substituting (A4) into (A3) and making use of the explicit form
of the group velocity, i.e., ,
we derive the following equation for the rate of change in the
pulse intensity per unit bandwidth along the fiber
(A6)
We note that for an effectively single-mode pulse propaga-
tion, radiation modes can be ignored. Assuming that only the
modal gain varies in the propagation direction, we define the
power density per unit bandwidth, , by
(A7)
We also assume
(A8)
where is the contribution of spontaneous emis-
sion into the mode [22]. Substituting (A5), (A7), and (A8) into
(A6), and integrating over the entire transverse cross section,
we obtain (3) in the text for the spectral power density. We note
that this procedure essentially assumes that the effective index
contributions in (3) can be calculated based on the variation the-
orem. Similarly, we derive steady-state expressions for the ASE
spectral power densities and the pump power, given by (4) and
(5), respectively, where we also assume forward and backward
propagation.
APPENDIX B
FINITE-DIFFERENCE SCHEME
To solve (8), we assume equally spaced intervals along
the axis with spatial grid points
, equally spaced spectral intervals with wave-
length grid points ,
and a temporal grid .
Here, is the lower limit wavelength of the spectral window.
We employ different, staggered, grids for the photons and ions
equations, i.e., (8) and (6), which are half time step and
half spatial step shifted with respect to each-other. The
forward upwind finite-difference approximation for (8), e.g., is
as follows:
(B1)
where the quantities , , , and are related
to the host dispersion and dopant contributions. These terms
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are defined on the point of the ions grid, and are given
by
(B2)
(B3)
(B4)
(B5)
In order to solve the nonlinear equation (B1), we assume that the
terms , , and are all known for the row of
the ions grid. Furthermore, we assume that are known
for all values of and , and that is also known on the
photons grid. Under these assumptions, the numerical solution
of (B1) on row of the photons grid starts from the boundary at
. At each integration step, we employ an iterative
algorithm for the nonlinear terms, which can be written as [25]
(B6)
where
(B7)
(B8)
Here, the superscript denotes the iteration number for solving
the tridiagonal system of equations (B6), e.g., using the method
of Gaussian elimination and back-substitution. For the initial
iteration, i.e., , we employ . The
iterations continue until convergence, at each integration step
along the fiber.
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